Abstract. We establish optimal uniform upper estimates on heat kernels whose generators satisfy a logarithmic Sobolev inequality ( o r entropy-energy inequality) with the optimal constant o f R n . O -diagonals estimates may also be obtained with however a smaller distance involving harmonic functions. In the last part, we apply these methods to study some heat kernel decays for di usion operators on R n of the type ; r r U for some smooth potential U with a given growth at in nity.
Introduction and main result
Let, for example, M be a Riemannian manifold of in nite volume, and let dv denote its Riemannian volume element. In the study of heat kernel bounds, various functional inequalities have been used in the past years: Sobolev inequalities Varopoulos (1985) 
logarithmic Sobolev inequalities Davies (1989) ] or entropy-energy inequalities Bakry (1994) 
As shown in these papers, these three functional inequalities are all equivalent to a common upper bound on the heat kernel p t (x y) o n M given by sup x y2M p t (x y) C 0 t n=2 t > 0:
(1:1)
In particular, the inequalities (S), (LS) and (N) are equivalent, for possibly di erent C > 0 but for the same (analytic) dimension n (> 2 i n c a s e o f ( S ) ) .
URL address of the journal: http://www.emath.fr/ps/ This may also be shown directly Bakry et al. (1995) ]. Actually, the previous inequalities belong to a whole family of equivalent inequalities of the type and q = 2 n=n ; 2. The logarithmic Sobolev inequality (LS) corresponds to the limiting case r = 2 a n d = 1 (cf. Bakry et al. (1995) ]).
When M = R n with Lebesgue measure dx, the best constants in the three inequalities (S), (LS) and (N) are known. Namely C = ; 1 2 (n + 1)!jB n j 2=n 2 n(n ; 2) where jB n j denotes the volume of the unit ball B n in R n , i n c a s e o f ( S ) Aubin (1982) ], C = 2((n + 2 ) =2) (n+2)=n n N 1 jB n j 2=n
where N 1 denotes the rst non-zero Neumann eigenvalue of the Laplacian on radial functions on B n , in case of (N) Carlen et al. (1993) ]. For (LS), the task is easier Carlen (1991) ]. One may simply start with the logarithmic Sobolev inequality Gross (1975) the function (u) = n 2 log 2u n e is actually best possible. Indeed, apply (1.3) to f 2 (x) = n ' n ( x), > 0. Since R f 2 dx = 1 , w e g e t n 2 log 2 2 ; n 2 n 2 4 : The claim follows by s e t t i n g u = n 2 =4.
Since (S), (LS) and (N) all imply the heat kernel upper bound (1.1), one may w onder if one of these inequalities with the optimal Euclidean constant could yield the optimal Euclidean heat kernel bound sup x y2M p t (x y) 1 (4 t) n=2 t > 0:
(1:4) It is possible that this is the case for the three inequalities. The main result of this note is that this is the case with the logarithmic Sobolev inequality (LS). The proof of this result appears as a consequence of the very precise study of uniform upper estimates on the heat kernel under functional inequalities between entropy and energy developed in Bakry (1994) ]. We present below this result in the context of abstract Markov semigroups of Bakry (1994) ]. We o b t a i n b y the same method the sharp bounds on the norm kP t k p q of the heat semigroup on R n as an operator from L p into L q .
Various comments complement this rst section. In particular, we deduce from our main result that a complete Riemannian manifold of dimension n with non-negative Ricci curvature that satis es (LS) with the best constant of R n is necessarily isometric to R n . In Section 2, we discuss the o -diagonal upper bounds on the heat kernel. We namely observe that, again with the methods of Bakry (1994) ], we m a y obtain the optimal estimates provided the distance is replaced by a smaller one that takes into account the structure of harmonic functions. In the last section, we u s e t h e t o o l o f f u n c t i o n a l inequalities between entropy and energy to study di usion operators on R n de ned by L f = f ; r f r U for some potential U. According to the growth of U at in nity, w e o b t a i n v arious heat kernel estimates that extend and clarify some of the results of Kavian et al. (1993) ]. After this work was completed, we became aware of the recent paper Carlen et al. (1995) ] by E. Carlen and M. Loss where the authors obtain optimal estimates for viscously damped conservation laws also relying on Gross's method and on the sharp logarithmic Sobolev inequality o n R n . They do not consider however the general implication we establish in Theorem 1.2 below.
We rst turn to (1.4) and describe, to begin with, the framework in which we will formulate most of our results, refering to Bakry (1994) ] for further details. On some measure space (E E ), let L be a Markov generator associated to some semigroup P t f(x) = R f(y)p t (x y)d (y) c o n tinuous in L 2 ( ).
We will assume that L and P are invariant and symmetric with respect to . W e assume furthermore that we are given a nice algebra A of (bounded)
functions on E dense in the L 2 -domain of L, stable by L and P t and by the action of C 1 functions which are zero at zero. (The stability b y P t may not be satis ed even in basic examples such as non-degenerate second order di erential operators with no constant term on a smooth manifold. This assumption is however not strictly necessary and is mostly used for convenience in order to unify the treatment o f a n umb e r o f v arious cases that would require each time a separate standard analysis.) We will mainly be concerned here with the case when is in nite. (Although Bakry (1994) ] is mainly concerned with nite measure spaces, all the results from Bakry (1994) ] used here immediately extend to arbitrary measure spaces.) We denote by kP t k p q , 1 p < q 1 , the operator norm of P t from L p ( ) i n to
where the supremum is understood in the ess sup sense. We m a y i n troduce, following P.-A. Meyer, the so-called \carr e d u champ" operator ; as the symmetric bilinear operator on A A de ned by 2;(f g) = L ( fg) ; fLg ; gLf f g2 A :
Note that ;(f f) 0. We will say that L is a di usion if for every C 1 function on R k , a n d e v ery nite family F = ( f 1 : : :
This hypothesis essentially expresses that L is a second order di erential operator with no constant term and that we h a ve a c hain rule formula for
By the di usion and invariance
One basic operator is the Laplace-Beltrami operator on a complete connected Riemannian manifold M. In the preceding setting, the \natu-ral" measure is only determined from the Riemannian volume element dv R n Lf(x) = f(x) ; x r f(x).
In this setting, and following Bakry (1994) ], one may consider general inequalities between the entropy R f 2 log f 2 d and the energy R ;(f f)d of a function f in A with R f 2 d = 1. Assume that, for some : R + ! R + , for every f 2 A with
(1:5)
In most examples is concave, strictly increasing, and of class C 1 , which we assume throughout the argument b e l o w. Therefore, for every v > 0,
(v) + 0 (u)(u ; v), so that (1.5) reads, for every v > 0 a n d e v ery f (and by homogeneity), The proof reduces to check that if, for f > 0 i n A, U(") = e ;m(") kP t(") fk p+"
where t(") = t p p+" , m(") = m p p+" , then U 0 (0) 0 amounts to the inequality of the proposition. The main observation of this work is that the general method leading to the bound (1.6) yields the optimal heat kernel bound (1. It is worthwhile mentioning that the logarithmic Sobolev inequality ( 1 . 7 ) of Theorem 1.2 behaves correctly under tensor product. Namely, i f t wo carr es du champ ; 1 and ; 2 satis es such an inequality with dimensions n 1 and n 2 respectively, then the product operator ; 1 ; 2 will satisfy this inequality with dimension n 1 + n 2 . This immediately follows from the classic product property o f e n tropy together with the linearized version of (1.7) (the inequality leading to (1.2)). This stability property is re ected similarly on the heat kernel bound as can be seen from the example of the Euclidean spaces. Proof. We simply use (1.6) with (1:8)
It is less clear however why these bounds should be optimal on R n . The next proposition answers this question positively. These bounds (1.8) and their optimality m a y also be shown to follow from the work of E. Lieb Lieb (1990) Set then s = t q r ( ) and the claim follows from the preceding argument.
In order to e ciently use Theorem 1.2, it would be worthwhile to know how to establish (LS) with sharp constant in a Riemannian or abstract setting using curvature-dimension hypotheses. Before inspecting this question more closely, let us observe the following. The proof is complete. Note that by the results of P. Li Li (1986) ], M is isometric to R n if c = 1 (cf. the proof of Corollary 1.6). Observe furthermore that the proposition similarly applies to generators ;rlog for which the results of Li et al. (1986) ] are also available (in which case the hypothesis on non-negative Ricci curvature has to be replaced by the condition ; 2 (f f) 1 n (Lf) 2 as explained below). (Proposition 1.4 would then be a consequence of Theorem 1.2.) We h a ve not been able to prove such a result although we strongly conjecture that it must be true. So far, we h a ve only been able to prove the inequality with a constant that misses the optimal one by a factor 1= log 2. We p r e s e n t this result in the context of the abstract geometry of Markov generators.
Introduce the \iterated carr e du champ operator" by setting, for every f g in A, 2; 2 (f g) = L;(f g) ; ;(f Lg) ; ;(g Lf):
We s a y that L is of curvature R 2 R and dimension n 1 if for every f in A,
By Bochner's formula, the Laplace-Beltrami operator on a Riemannian manifold of dimension n and Ricci curvature bounded below b y R is of curvature R and dimension n in the preceding functional sense. In particular, if (1.9) holds with = 1 , the inequality holds with the optimal constant of R n .
Proof. It is a simple application of the argument developed in Section 6 of Bakry (1994) ]. Let f > 0 i n A with R fd = 1. By the semigroup properties, for every t 0, Z f log fd = Z P t f log P t fd + Z t 0 F(s)ds n F(0) : Together with (1.10) and the assumption on the behavior at in nity o f P t , the conclusion immediately follows (changing f into f 2 ). The proof is complete.
t u
What we expect is that actually (1.9) with = 1 appears as a consequence of the fact that lim t!1 (4 t) n=2 P t f = Z fd for every f in A. W e only checked so far (1.9) with = log 2. Let f be non-negative (for simplicity) and such (1.9) (with = 1) follows as t tends to in nity.
We conclude this section with a comparison theorem for Riemannian manifolds with non-negative Ricci curvature. Then M is isometric to R n . Proof. Denote by V (x r) t h e v olume of the ball with center x 2 M and radius r > 0 i n M. By Theorem 1.2, for every x y 2 M, t > 0, p t (x y) 1 (4 t) n=2 :
(1:11)
In particular, by the results of Li et al. (1986) jB n js n and, in particular, V (x r) j B n jr n as s ! 0. But now, by (1.12), we a l s o get V (x s) j B n js n as r ! 1 . Therefore V (x r) = jB n jr n for every x 2 M and r > 0. By the case of equality in the volume comparison theorem, M is isometric to R n . The corollary is established. t u 2. Off-diagonal estimates As is well-known Bakry (1994) ], Davies (1989) ], an entropy-energy (or logarithmic Sobolev) inequality of the type (1.5) also leads to o -diagonal upper bounds on the heat kernel in terms of the distance function de ned as d(x y) =sup ;(f f) 1 f(x) ; f(y)] (the supremum being understood in the ess sup sense).
Let us recall the general procedure of the method due to E. B. Davies (cf. Davies (1989)] ). The idea is to derive f r o m a n e n tropy-energy inequality for In this last section, we i n vestigate heat kernel bounds for operators on R n given by L f = f ; r U r f where U is some smooth function whose growth at in nity will determine upper estimates on the heat kernel for small times. The invariant measure is d = e ;U dx (where dx is Lebesgue measure on R n ) a n d ; ( f f) = jrfj 2 . The prime example is U(x) = jxj 2 which is associated to the Ornstein-Uhlenbeck operator. This operator is however only hypercontractive and not ultracontractive (i.e. sup p t (x y) i s unbounded). We will actually be concerned with functions U that growth faster than jxj 2 at in nity. Although we w ork for simplicity with the Laplace operator on R n , the results would hold similarly for an arbitrary generator satisfying a logarithmic Sobolev inequality (1.5) in the abstract setting (and with jrUj 2 replaced by ; ( U)).
The next proposition transfers the optimal (LS) inequality f o r dx into a logarithmic Sobolev inequality f o r . I t i s t h e k ey argument in the applications.
